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3« DERIVATIVES

Denvohves and rates of dnanoLe

the Jronﬂen{ hne Yoa curve and the Prob'em of fmdfnﬂ the

} it , which we call dervahve |

The problem of fu*dfna
ve locn\fj of an obyect o) ve ]Cn‘nd‘ha the same }3])9 0

Tanqen{ Lire

Ex Find e ec}uahbn of the fanjen{ hne 1o the Fambo\a j:)(z at the pt (4,1)

T 5o wewll be able fird an equa’nbn
of Yhe ’mnﬁeni lne T as soon as

we Know Vs sloPe m .

/ ) The dl‘ﬁl\cunj i thot we Know on!a one
Pon T, whereas we need

Pomi ,
bwo Pom{s to COmFque the slo';e ,



Rut observe that we aan COmPu)re an aFProx;maHon o m bjchoosmg
0 nmrbs Fom{- Q(x)x?) on the Pambo)o and comPLHe the S)OFQ mPQ of
the secant lne PR [ Iine thal cuts [infersects ) a curve more than once ]

- 2
Choose x+ 4 sothat QP . Then mPQ =_ﬁx3___%'__ =x_1
177 X -

What happens as x arfzroadws i Fom both 21005
77

N

Q
7/ -

So achaﬂj the slo‘;e m of the -hnﬂenjc hne 1 the Nt Of fhe 9)0,:@5
il

of the ceont lnes as X awroac\ws

(x-Dx+d) (x+1) = d+4 =2.

oy Th o i
m =x_,i w1 x—=1 (X-i) X

Then Pomjr—s\o])e ]Corm OF Yhe gqn of the live , 4=y = mix-x, )

3—'| - 1()(-'13 2 4= ax-4



lee T

e We cometimnes m&r to the S'O')eo([\ the }onjeni line 10 a curve al a Poml s +he
slope o? Jhe curve at the Pom{ ~ The dea 15 Yhat )f we oM In far emuﬂh foward

the point , Hhe curve oot Like as%mla\wt hne

\ \ ¥ \ VO .
The more we zoom in , the more the curre - looks hike #'s -bnﬁeni hine

In 3eneml ) ;{ acurve C hos 9(}“ y - f(x\ ,we want 4o fmd the *Onﬂen{ hme to C
al he Pomjc P(Q,f(a)) , then we consider a nearbj Pomt QUGf(x)) 5 where x #a

and comPu\e Hhe s\o‘)e of the secant hne PR

i f(x)-fla)
“rq X -Q

Then we let & owmoch P olona C bs Mhna

X oPProqch a. m, Q aﬂ)chhog m o\ontj L 5

then we do{mc the {anaont T 1o be
‘»\@ honc H\N)Ll(}h Pwﬂ‘h 5'0{)@ m.

at the pomt Pla,fla)) 18 the

hine %rou(jh P with sloPe N [T f(x) - fla) Prowc\eo‘ the

X -Q X -0

Qﬁl The fancjent Imne 1o curve 3 = f(.x)

hoit exists |



Alfernale deecrﬂlbn

There 15 another expwsstbn ]For the SIOFQ of the ’ranﬁeni Ime that 15

sometimes easier fo uge

If h=x-a, then x =0a+h .ard 50 the slope af the secant hre PQ 15

_ h) —{la)
mPQ - f(a+ ) f

(a+h,flarh))

Pla,fa))

3 ot the Pom%

the +ah(3€n{ Jine fo hﬁ()wbo\a Y = =

Ex  Find on equahbn of

—_—

(3,1) .

f = E at (3,1) 18
3 . Th the slope 0 e ’mnaen 3
Golution Lot (x) = = en F th t

1
1l
3 -3
= hm fash) -{08) h"m ath 3
h=0 h -0 —
h
g‘lg‘\‘h\ w '
= hm _— I - = =21
) 3+h - —_ 3
h=0 — 7 hoo K(34R)

b



Therefore o' of the ‘ranaent lne o} pt (3,1) s

y- 1 = —_é.(x-a) = 3y-3 = -x+3 = x+33 =6
u

The Velocity Pmb'em

When we fwsf Sudied Nt , we wanted o aPme:ma*e velomj of a o\roPPcd ball

and we oc’rua\la defmw\ " h‘m?’rfnﬂ value of avemae velocthes over shorter and

shorfer hime Yenbo]s ,

In (jeno_m\)su])[)ose an ob]ec{ moves a\omj a s’um‘aht line acroro)fncj to the eq"
s = {(1) . whee 5 15 dhe o\u"sP)acemen{ | drect dstance ) of the obect

from the oruﬂ\h at tme 1

The funchon Fhal deseribes the motion s called  the Pom’nbn function
of the ob]ed |

In the hime wlerval from t =a do t =a+h , the chanﬂe n Posnhbn 15
{lash) =l

POS“ al tirne o POS" at hme a}h

J
°-—— 4 ) W

flarh) - fla)

Flas h)



Then , the average veloaiky over the 1nterval s

average veiocn}j - d\'s!)\acemen{ _ fla+h) -fla)
Lime h

which 15 the came as the s\oPc of the gocant Ime .

Now Suppoe we compu}c fhe avémﬂe veloothies over chorler and shorler hime infervals

[0 )q+h] 1o we lb b approach 0

Thon we o\of{ne ve\ocﬂﬂ (\nstantaneous vdoalra) via) al time t=a |

to be the limit of these owmge velocihies

vla) = hm flath) —f(a_)‘_
h-0 h

Thes means hat ve\ocﬁﬂ ab hwe t=a 3¢ eo‘ua\ Yo the doPe ol the %anjen{ e

at P of the Posﬂn‘on fundl\on ‘



\ec 4

—ree

S what 15 e VQ\OCIJ(j of o ball o\mPPed from the hill 1000 m above
%round oﬂor Bs 7

Sol” Eo‘uahbn of mohon s = f(t) = 4.9 ¢?

Then vdocﬂ3 offer s 1w,

1

5y o lim AR =F5) o i £q (540 - 4:9(5)"
h-0 h hs0 h

e aq [ aoheheF) e 44K (04h)
h-0 h " h= 0 Kk

= 49(10) = 4%ms
2]

% the formu\o , hm flaxh) -{la) Keeps Powmﬂ up everﬂwhere
h=0 h

whenever we calculale rote of chqnag Cince 1b shows up oVorawhm s quven

a s‘mcicﬂ natoe and notation



Dofn  The denvaive of a funchon { ol a nurnber , denoted bj o) 1

f‘(a\ ‘= o fla+h) ‘f‘Q) lf the hml\'l' oxiels
h=0 h

Aﬂa{n f we wale x =ath  then h=x-a and happroaches O i andonl3 nf |

X opprooches 0 T‘nem{ore we have an OC\UIVG'Oﬂt dofmlhbn )

fla) = 00 -fl)

X—4a X -Q

Ex  Find the devivahve of the func’n‘oﬁ ‘ f(X) = x- Qx + 9 ot the number a

_gi\'_‘ Fom dofn we have |

f'la) = o flath) —§a) b [(a+h\9-8(a+w] [ -39 |

h—=0 N h-0 h

faaohe B84 -h+ 4 -Aegh- b Sah+h-gh

= \|‘m

h- 0 h h=0 h
e Klaath-8)  _w darh-8 = 3a-8

h>0 h h—0



lee T @

So we have that the sloPe d o ‘}an(jan lne hag the exact same def" 8 dervatve

Therefore , we have the fohowmﬂ defn

o Defn  The ianﬂonl line to j - fx) at (a,fla)) 5 the line Hzrougb

la,fla)) whose slope s equal to f'(a) , the derivohive of fata.

Then using potnt s\oPe formu\a Cue o wite the eq” of the fonﬁoni line

Jo the curve = f(x) ot e ot CRIC

y-fla) - Py [x-a)

Ex  Find the eq“ o¥ the ’(onﬂoni hne 1o the Pambola j - x2-8x+9 ‘a’c P{

Y

(3)’6\0

_Sg\_“_ We Know )f'(a) - da-8

805\0\;@ of ’(onﬂan{ lne at (3,-6) 18 f‘(B): 9.3-8 = 6-8=-2

%, 3+6 =-3x=-3) = ~j+6 = -dx+6 ——->3=-9x‘



RATES OF CHANGE

let y = )

i x chancjes from x, to x, , the change n X i5 denoted b\‘j Ax = %)= X,

and the corms‘)ono\{nj chanae In 3 18 Alj = f(xﬂ"f(xl )

The dh{ference C‘uO)ﬂ\Pht M__ IR (€SS -£00) s called the averaqe rote

B Xy =X of change of j with resPec’c to x
Q o f2)) ovor the wlerval [x %, |
fo)y - 2
(an be %oug\ﬁ of as the s\oi)e of secant line
i k- e s o
i) '. B 0, ) '5 PO\ ,
N
)\' )(2 -

Tust Wke velocs’tj _we onsider averaqe cale over chorter and shorler miexval |

e by letting % 3@ﬂ|‘nj closer and closer fo x, ,or lethng Ax
aﬂsroach 0 .

The it of these averag m}Qof chonge %5 alled melantaneous

rate of change of y with resPec,’r b x ab x=x ,whch an be m}er’)rehc’

as the S\OPQ of the %anaen% fo 3: fx) ab x =X
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mg'\an}an@oug m*g o{ c\nanﬂe(of 3 WF*’ X Ot X = X')

e By o he flxg)=£0x))

X, =X =
oo A BN BT

S we have the second m’m‘)re’mhbn of denvahive §'10)

Dofd  The denvatwe {'la) ® the Wstantaneous rale of change

with ros‘)oc’c o x ,whenx =0

of y=1x) |



~—paa

1



